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Abstract
Let S be a semigroup. In certain cases we give some characterizations of extreme
amenability of S and we show thatin these cases extreme leftamenability and extreme
right amenability of S are equivalent. Also when S is a compact topological
semigroup, we characterize extremely left amenable subalgebras of C(S), where C(S)
is the space of all continuous bounded real valued functions on S.

Introduction

Let S be a semigroup, B(S) the Banach algebra of all
bounded real valued functions on S, S the Stone-Cech
compactification of S, MI(S) B (§ )* the linear span of the
set of left invariant means on S and Mr(S) cB (S)" the
linear span of the set of right invariant means on S.
Granirer [2, Theorem 3] has shown that S is extremely left
amenable if and only if S has a right zero. We show that
when S has a cancellative left ideal, S is extremely left
amenable if and only if S has a right zero. Also when §
has a cancellative ideal (or when 0<dim Ml (§ )<= and
O<dim Mr (S )<o=), extreme left amenability, extreme right
amenability and existence of a unique multiplicative in-
variant mean on S are equivalent. Similar results are
proved for compact topological semigroups.

In addidon, if § is a compact topological semigroup
and C (8) the set of all continuous functions in B (S ), two
characterizations of extremely left amenable subalgebras
of C (§ ), which had been given for B (S ) by Granirer [3,
Theorem 5], are given with a different proof.

Some Notations
Let K be the intersection of all ideals of the compact

semigroup S. By [4, Theorem 9.21] K =@ and it is the
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minimal ideal of S.

Let fe B(S),forae S define of(r)=f @) fa(t)
=f(1a)] the left [right] translation of f by a.If A is a left
invariant subalgebraof B (S ) (i.e. Aisanalgebraandafe
Aforallfe A and all a € S ), then the ideal H;(A)of A
is the set of all # € A which have a representation
h=Xi, fi(gi-ag) where f,g,€ A,a€ S,i =1,...,n. The
ideal H; (4 ) is defined in a similar way and H (4 ) is the
ideal of A containing all 4 of the form h =Z:=1
f,@-=8) +Z::l S}.(tj- 4 bj)wherefi,gi,sj',tje A,a;bje §.

A (left, right) invariant subalgebra A of B (§) which

contains constants is called extremely (left, right) ame-
nable denoted by EA (ELA, ERA), if it admits a multipli-
cative (left, right) invariant mean. When A = B(§ ) is
extremely (left, right) amenable, we say that S is extremely
(left, right) amenable.

ELA Semigroups
Throughout this section S denotes a semigroup.
Theorem 3.1. If the semigroup S has aright [left] can-
cellative ideal I then the following are equivalent:
(i) § is extremely amenable,
(ii) § is ELA [ERA],

(il =1,
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(iv) S has a zero.

Proof. (i) = (ii) Trivial.

(ii) = (iii) Let x3, o € 1, by [2, Theorem 3] thereisaze S
such that xiz =xz =z thusz ¢ J and by assumption we can
cancel z from both sides of xiz =xz ie. x1=x2.

(iii) = (iv) Clearly the single element of Iisazero of S.
(iv)=(i) Let a € S be the zero element, then M defined
by M (f)=f (a) for fe B (S) is obviously a multiplicative
invariant mean.

Corollary 3.2. If the semigroup § has a cancellative
ideal I orif O<dim ML (S )<eo and O<dim Mr (S)<eo, then
the following are equivalent:

(i) S is extremely amenable,

(ii) § is ELA,

(iii) § is ERA

(iv) § has a Zero.

Proof. If 0<dim Ml (S)<eo and O<dim Mr (§)<oo, then
by {1, Theorem 1] S has an ideal which is a group.
Therefore, the corollary follows from Theorem 3.1.

ELA Function Algebras on Compact Semigroups
Theorem 4.1. The following conditions on a compact

topological semigroup S are equivalent:

(i) B (S ) has a unique multiplicative invariant mean,

(i) S is extremely amenable,

(iii) [K] = 1,

(iv) S has a zero element,

(v) K has a zero element.

Proof. (i) = (ii) Trivial.

(ii) = (iii) Since H(CB(S)) < H (B (5)), then by [3, Theo |

rem 2] C(S ) is extremely amenable and by [5, Corollary 1T

K is a group. Let xi, » € K, by [2, Theorem 3] there is a

ze § such thatx 1z =x2z =z thus ze KandsinceK isa group,
then x;=x2.

(iii) = (i) Clearly the single element z of K is a zero of§,
hence M on B (S ) defined by M (f) = f(z) is amultiplica-
tive invariant mean on B (S ). To prove the uniqueness of

M let M| be another multiplicative invariant mean on B
(S).Since L (ys - 121) =0, thenM, (s - 12) =M1 (s~ {2)) =0,
hence M (X(3+Xs- {21y =M, (1) =1. Therefore, M1 (ytz})
=1. Thus for all fe B(S).M (f)=M (fy =)=f 1M,
er=foy=M()ieMi=M.

(iii) = (iv) Trivial.

(iv)=(v) Let zbe the zero of S anda € K, sincez=az €
K, then z is the zero element of K.

(v) = (iii) By [4, Corollary 9.24] K is aunion of pair wise
disjoint groups. Let z be the zero elementof K and G K
be a group that contains z, since for all g €G we have
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gz=z =z then g =z ie. G = {z}. Suppose G’ c K is
another group of the above type with identity e. Since ze
=z = ez and K is completely simple [4, Theorem 9.21],
then z =e. Therefore G'= G = {z} i.e. K ={z}.

Remark. The following theorem has been proved by
E. Granirer for B (S ) {3, Theorem 5]. But we state it for
uniformly closed subalgebras of C (S ). Part (i) = (ii) of
proof depends on the compactness of S and is completely
different from the work of Granirer, but other parts are
similar.

Theorem 4.2. Let S be a compact right [left]
topological semigroup and A be a uniformly closed left
[right] invariant subalgebra of CB (S ). The following are
equivalent:

(i) Ais ELA [ERA],
(i) For any finite subset { g, ..., g, } of Aandany {a,,...,a,}
c S there is an a € S such that for 1 < < n we have:

(8 08)(@=0[(g- &, ) () =0]
(iii) Every he H,(A) [h€ H, (A)] has a zero inS.
Proof. (i) = (i) Let {gi,...,gn}g Aand{a, ...,an};S.

n 2
Since & =2}_1 - (87 a8) € H,(4), then by (3, Theorem 2]

we havesup _ ()2 Oandhencesup _ h(x)= 0. Since
hiscontinuousand S iscompact, then htakes its supremum

n 2
ata point g € S. Thus 2i=1 - (g-48) @=h(@=0.
Therefore (g,- a;gi) (@)=0fori=1,.,n.

(il) = (iii) Leth =Z:l=lj; (87 a8) € H,(4) and a be a com-

mon zero of (g,-4.8) (8,4 8,)- Clearly h(a) = 0.
(iii) = (i) This follows from [3, Theorem 2].

Remark. Compactness in Theorem 4.1 is necessary
since if § = R with the usual topology and multiplication
givenby x,y =max {x,y},then§ isextremely amenable
but does not have any zero element.
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